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Aeroservoelastic Interaction Between Aircraft Structural
and Control Design Schemes

Moshe Idan,¤ Mordechay Karpel,† and Boris Moulin‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The behavior of the structural and control systems of � ight vehicles are highly coupled through aeroelastic
effects. An interaction modulewas formulated and software was developed to facilitate ef� cient transfer of models,
data and design requirements between the structural and control design schemes. The aeroelastic plant state-
space equations are based on a minimum-state rational function approximation of the unsteady force coef� cient
matrices. The control system is de� ned in a way that allows incorporation of most general linear control laws in the
aeroservoelastic loop, and yet allows ef� cient control margin and sensitivity computations by separating between
changeablegainsto other� xedcontrol elements andparameters.Analyticalexpressionsfor system stabilitymargins
and their sensitivities with respect to structural and control design parameters, which take advantageof the special
controller representation form for incorporation in a multidisciplinary design scheme, are presented. A numerical
example demonstrates a design task that involves both control synthesis and structural optimization.

Nomenclature
[A.¢/]; [B.¢/]; = state-space matrices
[C.¢/]; [D.¢/]

A B

C D
= [C][s[I ] ¡ [A]]¡1[B] C [D]

[Ah1;2;3], = rational aerodynamic approximation matrices
[D]; [E]
b = reference semichord
fei g = i th unit vector
[G .¢/] = controller gain matrices
G M; P M = single input/single output gain and phase

margins
[I ] = identity matrix
[L i ]; [Lo] = multi-input/multi-output uncertainty matrices
[Mhc] = mass coupling matrix between control

and structural modes
[Mhh]; [Bhh ], = generalized mass, damping, and stiffness
[Khh ] matrices
na = number of aerodynamic states
nh = number of generalized displacements
ns = number of sensors
[ QQh] = unsteady aerodynamic force coef� cient matrix
q = dynamic pressure
[R] = aerodynamic lag matrix
s = Laplace transform variable
Toc j;i = open–closed loop transfer function
V = true airspeed
fvg = design parameters vector
fXg; fYgT = left and right eigenvectors
fxg; fug; f yg = state, input, and output vectors
fxag = vector of the aerodynamic augmented states
f±g = control-surfacede� ections
f»g = vector of nh generalized displacements
¾ f¢g = minimum singular value
! = frequency

Subscripts

ac = actuators
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ae = open-loop aeroelastics
ase = closed-loop aeroservoelastics
c = control modes or controller
g = gust modes
gco = gain crossover
h = structural modes
oc = open-closed system for single input/single

output stability margin calculations
p = open-loop aeroelastics with actuators
pco = phase crossover
v = gain-open aeroservoelasticsystem

Introduction

T HE increasing interaction between aircraft structural and con-
trol systems requires the applicationof aeroservoelastic(ASE)

considerations beginning at the preliminary stages of the design
process. The interactionaffects static and dynamic stability charac-
teristics, performance issues, structural design loads, and handling
qualities.It is important to accountfor the ASE interactionwith ef� -
cient modeling and analyticalschemes that facilitateboth automatic
multidisciplinarydesign and convenient application of engineering
judgmentand regulatorydesigncriteria.On the other hand, common
structural and control design methodologies, models, and analyti-
cal tools are too different for being implemented in a single code.
Therefore, it is desired to develop an ASE computational tool that
mediates between the separate design schemes.

The common approachfor formulating the dynamic equationsof
motion for aeroelasticsystemsuses normalmodes of the structureas
generalized coordinates. Control surface de� ection modes may be
added when the interaction with the control system is considered.
Complex gust velocity modes may also be introduced to analyze
the response of the structural and control systems to continuous
gust. The unsteady aerodynamic force coef� cients are de� ned with
respect to these modes.

Unsteady aerodynamic modules in common aeroelastic analysis
and optimizationschemessuchasASTROS1 and MSC/NASTRAN2

assume that the structure oscillates harmonically. Transcendental
unsteady aerodynamic matrices are calculated for various reduced
frequencyvalues.The � utterandgust-responsemodulesuse second-
order formulations for stability solutions, frequency response, and
frequency-domaincontrol synthesis.

The application of various modern control design techniques,
simulation, and optimization procedures require the ASE equa-
tions of motion to be transformed into a � rst-order, time-domain
(state-space) form.3;4 This transformation requires the aerody-
namic matrices to be approximated by rational functions (ratio of
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polynomials) in the Laplacedomain.The orderof the resultingstate-
space model is a function of the number of selected modes, the
number of aerodynamic approximation roots, and the approxima-
tion formula. The main considerations in constructing the model
are its size (which affects the ef� ciency of subsequent analyses), its
accuracy, and the model construction efforts.

The purpose of the work presented in this paper was to design
anddevelopan ef� cientASE computationalmodule that can support
both structural and control automated design schemes by transfer-
ring data between the two disciplinesand performing relevant ASE
analyses. The main features of the ASE module and its interfaces
are described in the next section, followed by a section describ-
ing the aeroelastic equations of motion and their presentation in
state-space form. Then, the proposed control system architecture
is presented, followed by the construction of the aeroservoelastic
model and the description of the data transfer capabilities of the
new aeroservoelastic optimization scheme. Next, formulations of
the single input/single output (SISO) and multi-input/multi-output
(MIMO) stability margins, which are dictated by the control de-
sign requirements and can be incorporated in the multidisciplinary
aeroservoelastic optimization, are presented. The derivations also
include analytical sensitivities of these stability margins with re-
spect to the structural and controller design parameters, which can
be facilitated in the optimization process.

Features of the ASE Module
A block diagram of the ASE module and its interfaces with the

control synthesis and structural optimization schemes is given in
Fig. 1. It is assumed that the structural optimization code can gen-
erate a modal database with normal modes of a baseline structure,
the associated generalized stiffness, and mass matrices and their
derivatives with respect to the structural design variables, and the
frequency-domaingeneralized unsteady aerodynamic force coef� -
cient matrices used in standard � utter analysis.1 It is also assumed
that the control synthesis scheme is based on state-space formula-
tion, such as the MATLAB® control toolboxes. The ASE module
reads the modal database and � rst constructs the aeroelastic state-
space equations of motion. The other activities of the ASE module
dependon the user-de� ned mission.The optionsare data generation
for control synthesis, ASE analysis, behavior sensitivity analysis,
and data export for structural optimization.

The data exported for control synthesis may include full or
reduced-order aeroelastic state-space model matrices, their vari-
ations with respect to structural uncertainties, and aeroelasticity-
related design constraints. This data, and the other information
transferred between the design modules, are described after the
aeroelastic and control formulations. When ASE analysis is re-
quested, the aeroelastic state-space equations are augmented in the
ASE module by a linear control system of a general form. The mod-
ule then calculatesopen- and closed-loop� utter parameters, control
margins associated with the user-de� ned control architecture, and
continuousgust response in statistical terms. These parameters and
their analyticalderivativeswith respect to design variablescan then
be used by the structuraloptimizationcode as designconstraintsand
sensitivities.In addition to the regular structural design parameters,
the design variables may include the control system parameters de-

Fig. 1 ASE module feature block diagram.

� ned as variable gains in the controller formulation, as discussed
later and demonstrated in the numerical example.

Aeroelastic System Equations
The time-domainASE models for stability and responseanalysis

are constructed from the separate models of the aeroelastic plant,
the sensors and actuators, the control system, and the gust spectrum
� lters,5 all expressed in state-space form. The control system in-
cludes the control surfaces driven by actuators, sensors related to
the structural degrees of freedom, and a linear MIMO control law
that relates the actuator inputs to the sensor signals. The full ASE
model can be used for closed-loop � utter analysis, control margin
computations, evaluation of the system dynamic response to exter-
nal excitation, and for � ight mechanics.

Most commonly used rational aerodynamicapproximationmeth-
ods are variations of either Roger’s classic approximation,6 which
is based on term-by-term least-square � ts with common denomi-
nator roots, or the minimum-state (MS) method of Karpel,7 which
is based on a more general approximation function with coupling
between terms. Consequently, the MS procedure requires computa-
tionally heavier, iterative, nonlinear least-square solutions. Recent
developmentsof the MS method8 improved its accuracy, � exibility,
and computational ef� ciency. The number of aerodynamic states
added by the MS method in realistic aeroelastic design models is
typically6–8 times smaller than those addedby Roger’s approxima-
tion with the same level of model accuracy in subsequent analyses.
This makes the MS method very attractive in repetitive aeroelastic
optimizationstudies that are basedon modes of a baselinestructure,
and in cases that involve control synthesis.

The MS approximation of the unsteady aerodynamic force coef-
� cient matrices, expanded to the entire Laplace s domain, is

[ QQh.s/] D [Ah0] C .b=V /[Ah1]s C .b2=V 2/[Ah2]s
2

C [D].[I ]s ¡ .V=b/[R]/¡1[E]s (1)

where the [Ahi ] and [E] matrices are column partitioned as

[Ahi ] D Ahh i Ahci Ahgi .i D 0; 1; 2/

[E] D [Eh Ec Eg ]

where the subscriptsh, c, and g relate to the structural, control, and
gust modes, respectively. The real coef� cient matrices in Eq. (1)
are determined by a nonlinear weighted least-square � t8 of the
transcendentalunsteady aerodynamic matrices calculated by com-
mon frequency-domain� utter codes.1;2 As shown next, the rational
approximation yields a state-space aeroelastic equation of motion
where the structuralstates are augmentedby the aerodynamicstates.
The number of aerodynamic states na is equal to the order of [R],
which in the MS method is assumed to be diagonal with distinct
negative terms.

For clarity and simplicity, the following formulation is for � ut-
ter and control margin issues only, for which new developments
are presented. Previous works presented extensions of this for-
mulation to static aeroelasticity,3 continuous gust response,5 and
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dynamic responseto deterministicexcitation.9 Furthermore, the sin-
gular value analysis capabilitiesof the new ASE module can handle
many other MIMO design speci� cations, such as tracking perfor-
mance and disturbance rejection.

The state-space open-loop aeroelastic equation of motion result-
ing from the rational aerodynamic approximation reads

fPxaeg D [Aae]fxaeg C [Bae]fuaeg (2)

where

fxaeg D
»

P»
xa

; fuaeg D
±

P±
R±

; [Aae] D
0 [I ] 0

¡[ NM ]¡1 Khh C q Ahh0 ¡[ NM]¡1 Bhh C .qb=V /Ahh1 ¡q[ NM]¡1[D]

0 [Eh ] .V=b/[R]

[Bae] D
0 0 0

¡q[ NM ]¡1 Ahc0 ¡.qb=V /[ NM ]¡1 Ahc1 ¡[ NM]¡1 Mhc C .qb2=V 2/Ahc2

0 [Ec] 0

; [ NM] D [Mhh ] C .qb2=V 2/ Ahh2

The number of states in Eq. (2) is 2nh C na . Open-loop � utter anal-
ysis is performed by extracting the eigenvalues of matrix [Aae] for
various values of the dynamic pressure at constant Mach number.
Flutter occurs when the real part of one of the eigenvaluesbecomes
positive.

The outputs of the aeroelastic plant are sensor signals. It is as-
sumed here that the sensorsmeasureeither structuraldisplacements,
velocities, or accelerations, and that the measurements are perfect.
Sensor dynamics can be modeled in series with the outputs of the
ideal sensors in the control part of the model discussedin the sequel.
In general, the output of ns sensor signals can be expressed by

f yaeg D [Cae]fxaeg C [Dae]fuaeg (3)

The dynamic model of the actuatordriving the i th control surface
is speci� ed by a transfer function with three poles and no zeros.
This pole-zerodifference is justi� ed on physicalgrounds: a second-
orderdifferencerepresentingthe control surfacede� ection response
to a force input and a � rst-order lag used to model the realistically
limited bandwidth of the actuator. Because of this order difference,
±i , P±i , and R±i can be de� ned as independent states in the actuator
state-space model, and thus used directly as inputs to Eq. (2) and
in connections to acceleration sensors. The third-order actuators
models are considered here as part of the aeroelastic plant. Higher-
order actuator dynamics can be de� ned by connecting additional
transfer functions in series, as part of the control system model
discussed in the next section.

The actuators are modeled by

fPxacg D [Aac]fxacg C [Bac]fuacg (4a)

f yacg D [Cac]fxacg (4b)

where

f yacg D
±

P±
R±

The third-order actuator model can be realized in the phase plane,
so that the state vector fxacg equals to the output vector f yacg, sim-
plifying Eq. (4b) to [Cac] D [I ].

The state-spacerealizationsof the actuatorsare augmented to the
aeroelastic model of Eq. (2). The result is the plant equation

fPxpg D [Ap ]fxpg C [Bp]fupg (5a)

where fupg is the vector of actuator inputs, and

f ypg D [C p]fxpg (5b)

where f ypg is the vector of sensor signals. Note the lack of the
feedthroughterm in Eq. (5b), which results from the strictly proper
model of the actuator dynamics previously discussed.

Control Model
The ASE interaction model discussed in this paper is formu-

lated to handleany linear time-invariantcontrol system, and enables

changes in its parameters during a multidisciplinarydesign and op-
timization. Such parameterization of the controller is obtained by
de� ning its architectureas an interconnectionof three typesof basic
control elements, the parameters of which are � xed, and a variable
gain matrix, the parametersof which are subject to variousASE sys-
tem analyses (e.g., stability margin calculations) and can be altered
during the multidisciplinarydesign and optimization.The three ba-
sic elementsareSISO transferfunctions,MIMO state-spacemodels,
and zero-order junctions (JNC) or constant gain elements. Any lin-
ear controllerwith non� xed parameters can be easily parameterized
as an interconnectionof these three elements and the variable gain
matrix. For example, the bandwidthof a low-pass � lter can be mod-
eled as a unity gain feedbackloop with an integrator(SISO element)
and a variable gain (the bandwidth) in its forward path.

The interconnections within the � xed control elements and be-
tween them and the aeroelastic (AE) system can be either � xed or
through the variable gain matrix. A generic example of such con-
troller setup is demonstrated schematically in Fig. 2. The elements
of the variable gain matrix can be used in stability margin analyses.
Moreover, these variable gains only (and not the whole controller)
can be groupedwith the AE system parametersfor multidisciplinary
designand optimization.The suggestedcontrollersetup,which sep-
arates its � xed and variableparts, can potentiallyreduce the compu-
tational load of the optimizationprocess.Unnecessaryrecalculation
of the entire ASE model because of changes in the design param-
eters (both in the AE model and the controller variable gains) can
be avoided by constructing a model of the � xed part of the control
systemonly once, and by reusing it in the ASE model reconstruction
throughout the optimization process. Clearly, if the control system
is updated as a result of signi� cant changes in the AE model, the
entire ASE model has to be reconstructed.

Fig. 2 Control system interconnection model—a typical example.
Thick lines represent � xed connections. The ypi

(i = 1, 2, 3) are the sensor
signals and upi

(i = 1; : : : ; 5) are outputs to the actuators.
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The main advantage of the proposed controller setup is its � ex-
ible structure suitable to model any general linear control system,
while grouping all of the controller variations in a single matrix.
This greatly simpli� es the subsequentanalysesand the overall ASE
optimization setup.

To construct the control system model, all of its elements are
� rst combined into one (not yet connected) state-space model. The
inner � xed connections of the control system are applied � rst to
produce the � xed part of the controller,which is independentof the
controllervariablegains and clearlynot affectedby the aerodynamic
and structuraldesign variables. In state-spaceformulation this � xed
controller is given by

fPxcg D [Ac]fxcg C [Bc]fucg (6a)

f ycg D [Cc]fxcg C [Dc]fucg (6b)

Aeroservoelastic Model
The ASE model is obtained by connecting the AE model of

Eqs. (5) with the control system of Eqs. (6) through � xed and vari-
able gain connections,shown schematicallyin Fig. 3. The � xed con-
nections are represented by the matrices [Icp ] and [Ipc], for which
a nonzero entry .i; j/ of one represents a � xed connectionbetween
the j th input and the i th output. The [Icp] represents connections
from the AE model (p) sensor outputs to the controller (c) inputs,
while [Ipc] represents connection of the controller commands to
the AE model actuator inputs. Similarly, the matrices [Gcp ], [G cc],
[G pc], and [G pp] include the variablegain connectionsbetween the
AE plant and the control system. The nonzero elements in these
matrices can be used in various stability margin evaluations and
can also be included, in addition to the aerodynamic and structural
design parameters, as variables of a multidisciplinaryoptimization
procedure. For presentation purposes (not necessarily required in
the actual implementation), the plant and controller inputs and out-
puts are grouped according to their use in � xed and variable gain
connections,as depicted in Fig. 3.

First, the gain-openASE model, which is obtained by using only
the � xed connections within the interconnectionsetup (see Fig. 3),
is constructed:

fPxv g D [Av]fxvg C [Bv]fuvg (7a)

f yvg D [Cv]fxvg C [Dv]fuvg (7b)

where

[Av] D
Ap C Bp2 I pc Dc22 IcpC p2 Bp2 I pcCc2

Bc2 IcpC p2 Ac

[Bv] D
Bp1 Bp2 I pc Dc21

0 Bc1

; [Cv ] D
C p1 0

Dc12 IcpC p2 Cc1

[Dv] D
0 0

0 Dc11

This model is widely used for subsequent SISO- and MIMO-type
stability margin evaluations that can be incorporated in the struc-
tural optimization process as stability constraints. The sensitivities
of the stability margins needed for the optimization are evaluated
analytically using the model of Eqs. (7), as will be demonstrated
later.

The closed-loopASE model is obtainedby relating the input vec-
tor fuvg to the output vector f yvg via the variable gain matrix [Gv]:

fuv g D [Gv]f yvg (8)

where

[Gv] D
G pp G pc

Gcp G cc

leading to the closed-loop ASE equations of motion

fPxaseg D [Aase]fxaseg (9)

Fig. 3 ASE interconnection model; thick lines represent � xed connec-
tions.

with

[Aase] D [Av] C [Bv ][Gv][I ¡ Dv Gv]¡1[Cv ]

The closed-loop state-space realization of the ASE system can be
used in the structural optimization scheme for calculating � utter
[similar to the open-loop � utter calculations discussed earlier fol-
lowing Eq. (2)] and dynamic response constraints, and their sensi-
tivities to the structural design variables and to the control gains.3;5

Multidisciplinarydesign criteria is introduced to the structural op-
timization scheme by adding the control margin consideration for-
mulated in the following sections.

Both the open- and closed-loop models presented before can be
easily extended to include external gust inputs. That would require
augmentationof the state vector to incorporatethe gust models (e.g.,
the rational approximation of the von Kármán model dynamics5 ),
whereas the input vector would be extended to include the driving
signals to those models. An ASE model with gust allows calcula-
tion of the system response to wind inputs and forms the basis for
synthesisand analysisof a controllerwith improvedclosed-loopdis-
turbanceattenuationrequirements.Such synthesisand analysis,and
other stability and airframe performance features, can be addressed
more effectively in a separate control design scheme.

Data Transfer Between Design Schemes
The module that interconnects the structural and control design

schemes is designed to facilitateef� cient highly coupled design cy-
cles with automatic data transfer between the schemes. The data
processedby the interactionmodule and transferred from the struc-
tural design scheme to the control one includes:

1) Reduced-sizeversions of the plant equations for nominal- and
extreme-case designs (this is explained later);

2) Sensitivities of these matrices and their allowable variations
with respect to structuraldesign variables for robust-controldesign;

3) Aeroelastic effectiveness of the global aerodynamic coef� -
cients; and

4) Values of all of the control gains changed in the structural
process.

The data processed by the interaction module and transferred
from the control design scheme to the structural one include:

1) Control system de� ned in terms of the components of Fig. 2;
2) De� nition of control design variables as changeable gains in

the structural design process and the associated move limits;
3) Control design constraints to be satis� ed in the structural

scheme.
The number of structural modes taken into account in the struc-

tural optimization scheme is typically considerably larger than
that required for an adequate control design. Size reduction tech-
niques such as truncation, static residualization, and dynamic
residualization can be applied to the plant model of Eqs. (5) when
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the model is exported to the control design scheme. The evalua-
tion of the relative importance of retaining the structural modes can
be based on the physical weighting of Ref. 7. The size reduction
techniquesare presented and demonstrated in Ref. 10.

Aeroservoelastic interaction affects almost all of the structural
and control design constraints. However, it is not necessary to in-
clude all of them in the two design schemes. Stress alleviation re-
quirements, for example, can be represented in the control design
by limiting the wing-root bending moments in gust response or
static maneuvers. Maneuvering performance and control authority
requirements,on the other hand, can be representedin the structural
design by assigning aeroelastic effectiveness constraints. Highly
coupled issues such as � utter should be addressed in both schemes.

The derivatives of the plant matrices and their allowable varia-
tions may be needed for robust control design. The issue of robust
controllerdesign is beyond the scope of this paper.Some robustness
requirements, however, can be integrated in the structural scheme
in terms of the stability margins discussed next. Moreover, the sin-
gular value computation capabilitiesof the new interactionmodule
provides the framework for specifying additional performance and
disturbance rejection design criteria not covered in the current pre-
sentation.

Stability Margins
The constraints speci� ed by the controller designer may include

SISO and MIMO stability margin requirements to handle model
uncertainty, robust performance speci� cations, and disturbance re-
jectionproperties.To enhancethe optimizationprocess,sensitivities
of these constraintswith respectto structural,aerodynamic,andcon-
trollerparametersare required.When possible,analyticalevaluation
of the various constraints and sensitivities is advantageous from
numerical standpoint. The stability margin analysis, which covers
both SISO and MIMO techniques, evaluates closed-loop ASE sys-
tem stability for variation in the controllervariablegain matrix [Gv]
of Eq. (8). The sensitivities of these margins with respect to the
structural and control variable parameters are derived analytically.

SISO Stability Margins and Sensitivities
The SISO stability analysis addresses the case of uncertaintiesor

possible gain and phase variations in one element of the controller
gain matrix [Gv], e.g., Gvi; j . For the evaluationof the SISO stability
margins for Gvi; j , the loop connecting yv j to uvi is opened and the
SISO transfer function between the resulting open points is multi-
plied by the nominal NGvi; j . This operation is performedby � rst clos-
ing a MIMO control loop similar to Eq. (8) with the .i; j/ elementof
[Gv] set to zero, denoted by [G.i; j / D 0

v ], and then multiplying the re-
sultby NGvi; j . The � nalopen–closed loop transfer functionis givenby

Toc j;i .s/ D
Aoc boci

coc j doc j;i

(10)

where

[Aoc] D [Av] C [ QBv ][ QCv]; boci D [Bv]fei g C [ QBv] QDvi

coc j D NGvi; j fe j gT [ QCv ]; doc j;i
D NGvi; j fe j gT QDvi

[ QBv] D [Bv] G .i; j/ D 0
v ; [ QCv] D [ NDv]¡1[Cv]

QDvi D [ NDv]¡1[Dv ]fei g; [ NDv] D I ¡ [Dv] G .i; j/ D 0
v

and fei g and fe j g are the i th and the j th unit vectors. The SISO
stability margins for Gvi; j can be easily computed using standard
techniquesand software, while using the open–closed loop transfer
function of Eq. (10).

Sensitivities of the controller gain Gvi; j SISO stability margins
are constructedanalyticallyfor the structuraldesign parametersand
for the controller variable gains, all grouped in the vector fvvg.

The sensitivities of the upper and lower gain margins G Mu;l ex-
pressed in decibels are given by

@GMu;l [dB]

@vi
D

20= 10
G Mu;l

@GMu;l

@vi

(11)

where @G Mu;l=@vi is the regular (not in decibel) gain margin sen-
sitivity, given in the following.

The gain margin sensitivities with respect to Gvi; j are given sim-
ply by

@G Mu;l

@Gvi; j

D ¡
GMu;l

NGvi; j

(12)

or, in decibels, by

@G Mu;l [dB]
@Gvi; j

D ¡20= 10
NGvi; j

(13)

To compute the gain margin sensitivitieswith respect to the other
design variables vi , the matrix [AG Mu;l ] is constructed:

AG Mu;l D [Aoc] C
G Mu;l

1 ¡ doc j;i
G Mu;l

boci coc j (14)

Denoting !u
pco and !l

pco as the phase crossover frequencies that cor-
respond to the upper and lower gain margins, respectively,|!u;l

pco is
an eigenvalueof [AG Mu ;l ]. The gain margin sensitivitiesare obtained
by differentiatingthese imaginary axis eigenvalues,while imposing
that the perturbedeigenvaluesare purely imaginary. This derivation
leads to the gain margin sensitivities given by

@G Mu;l

@vi
D ¡

Re fYgT @ AG Mu;l @vi fXg fYgT fXg

Re fYgT @ AG Mu ;l @G Mu;l fXg fYgT fXg
(15)

where fXg and fYgT are right and left eigenvectors of [AG Mu ;l ] and

@ AG Mu ;l

@GMu;l
D 1

1 ¡ doc j;i G Mu;l
2

boci coc j

The sensitivity@ AG Mu;l =@vi is constructedusingEq. (10), where the
sensitivities of [Av], [Bv], and [Cv] are computed as in Ref. 3, with
@[Dv]=@vi D 0.

To compute the sensitivitiesof the upper and lower phase margins
P Mu;l with respect to the design variable vector fvvg, the matrix
[AP Mu;l ] is constructed:

AP Mu ;l
D [Aoc] C 1

exp.| P Mu;l [rad]/ ¡ doc j;i

boci coc j

(16)

where P Mu;l [rad] is the phase margin expressed in radians.
Note that [AP Mu;l ] is complex and that |!u;l

gco is its eigenvalue,where
!u

gco and !l
gco are the gain crossover frequencies,which correspond

to the upper and lower phase margins, respectively. The analytical
derivation of the phase margin sensitivities is similar to the gain
margin sensitivities derivation, leading to

@ P Mu;l

@vi

D ¡
Re fYgT @ AP Mu;l @vi fXg fYgT fXg

Re fYgT @ AP Mu;l @ P Mu;l [rad] fXg fYgT fXg
¢ 180

¼

(17)

where fXg and fYgT are right and left eigenvectors of [AP Mu ;l ] and

@ AP Mu;l

@ P Mu;l [rad]
D ¡ | exp.| P Mu;l [rad]/

exp.| P Mu;l [rad]/ ¡ doc j;i

2
boci coc j

Again, the sensitivity@ AP Mu;l =@vi is constructedusing Eq. (10) and
results of Ref. 3.

MIMO Stability Margins and Sensitivities
There is nouniquede� nition forMIMO stabilitymargins,and any

particularchoice is dictatedby thedesigner’s personalpreference.In
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Fig. 4 MIMO stability margin
evaluation setup.

the sequelwe have chosen one of such de� nitions,which most natu-
rally extend the intuitiveSISO stabilitymargins. However, it should
be pointed out that any formulation can be incorporatedin the ASE
interactionmodel using similar techniques.Thus, followingRef. 11,
the MIMO stabilitymargins are de� ned by introducingASE system
uncertainties at the plant input or output as described in Fig. 4.

The input and output MIMO stability margins are de� ned with
respect to uncertainties (variations) in the matrices [L i ] and [Lo],
which are assumed to be diagonal, i.e.,

[L i ] D diag gi
l e

jÁi
l ; l D 1; 2; : : : ; Ni (18a)

[Lo] D diag go
k e jÁo

k ; k D 1; 2; : : : ; No (18b)

where Ni and No are the number of inputs and outputs, respec-
tively, to the ASE model. At the nominal condition,gi

l D go
k D 1 and

Á i
l D Áo

k D 0 8 l; k, i.e., [L i ] D INi £ Ni and [Lo] D INo £ No . Suf� cient
conditions for a guaranteed gain margin Ngi and phase margin NÁi at
any input to the gain-open ASE plant are11

[.1 ¡ 1= Ngi /2 C 2.1 ¡ cos NÁ i /= Ngi ]
1
2 < ¾ fI ¡ Gv Pvg (19a)

or

[.1 ¡ Ngi /2 C 2 Ngi .1 ¡ cos NÁi /]
1
2 < ¾ I ¡ [Gv Pv]¡1 (19b)

where

[Pv.s/] D [Cv][s I ¡ Av]¡1[Bv] C [Dv ]

and ¾ f¢g is the minimum singular value of the argument matrix
evaluated at s D j! 8 ! ¸ 0. Suf� cient conditions for output gain
and phase margins are similar to the inequalitiesof Eqs. (19) except
for replacing the [Gv Pv] terms with [Pv Gv].

The inequalities of Eqs. (19) on the ASE system minimum sin-
gular values can serve as MIMO stability margins in the multidis-
ciplinary optimization process. Their sensitivities with respect to
a design parameter vi are computed analytically from the singular
value derivative expression

@¾ fH g
@vi

D Re fUg¤ @ H

@vi
fVg (20)

where fUg and fVg are, respectively, the left and right normalized
singular vectors of the matrix [H ], corresponding to the minimum
singular value¾ fH g, while f¢g¤ denotes a complex conjugate trans-
pose. In the ASE MIMO case,

[H ] D [I ] ¡ [Gv] [Cv][s I ¡ Av]¡1[Bv] C [Dv] (21)

and the evaluation of the derivative @¾ fH g=@vi facilitates the sen-
sitivities of [Av], [Bv], [Cv ], and [Dv] that were discussed earlier in
the SISO margin section.

Numerical Example
The numerical example is based on a generic Advanced Fighter

Aluminum (AFA) ASTROS model with an all movable horizon-
tal tail and four control surfaces on each wing, where only the
two trailing-edgecontrol surfaces are used for maneuvering.A top
view of the unsteadyaerodynamicdoublet-latticemodel is shown in
Fig. 5. The structural model consists of 1276 grid points and 4449
elements, and has 3762 free degrees of freedom with symmetric

boundary conditions and 3797 with antisymmetric ones. The top
view of the entire aircraft structural � nite-element model is shown
in Fig. 6. A top view of the wing box divided into 13 design zones is
shown in Fig. 7. The thickness of the upper and lower skins in each
design zone are used as design variables, leading to a total of 26
structuraldesign variables.More details on this model can be found
in Ref. 12, where the model is optimized for minimum weight, with
stress and static aeroelastic constraints.

A simpli� ed design scenario is presented to demonstrate the new
ASE module in a multidisciplinarydesign process, which involves
structural and control system optimization.The design started with
a basic structural model with uniform thickness of 0.5 in. assigned
to all the designskin element,with a total weight of 779.5 lb.Prelim-
inary structural and control designs were then performed indepen-
dently based on this model. The control system was then combined
in the ASE module with the aeroelastic model and a � nal tuning
of the structural and control design variables was performed using

Fig. 5 AFA unsteady aerodynamic model.

Fig. 6 AFA structural model.

Fig. 7 AFA wing structural model.
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Fig. 8 Control system interconnection model for the numerical
example.

ASTROS with stress, � utter, and control system constraintsconsid-
ered simultaneously.

The preliminary structural design was aimed at minimizing the
weight of the wing-box skin, with stress constraints generated by a
single case of a symmetric 9 g pull-up maneuver at Mach 0.95. The
only control surfaceused for maneuver trim in this studywas the all-
movable horizontal stabilizer. The von Misses stresses of the skin
elements were constrained to less than 36,700 psi. The total weight
of the wing-box skin was reduced to 474.7 lb with skin thicknesses
varying between 0.67 in. at the wing root to 0.09 in. at the wing tip.

The ASTROS generated modal database of the basic (uniform
thickness) structuralmodelwith antisymmetricboundaryconditions
was used by the ASE module to construct reduced-orderplant state-
space equations (5) for a sea level and Mach 0.9 � ight. This model,
used for preliminarycontrollerdesign, included10 structural states,
representing 5 low-frequency modes including one of rigid-body
roll, 4 aerodynamic states, and 6 actuator states, representing the
two trailing-edge actuators. The plant inputs were the commands
u p1 and u p2 to the outboard and inboard trailing edge actuators,
respectively. The only output yp was a roll-rate reading near the
fuselage center.

The controller design was aimed at achieving low-frequency toll
rate performance subject to control de� ections limits and stability
requirements. In this study, a simple control architecture, which,
as shown in Fig. 8, included a low-pass � lter and two gains, was
used. As an initial attempt, the controller gains were set equal, i.e.,
G1 D G2. This attempt failed because it caused a severe instability
(� utter) that involved the rolling mode and the � rst wing-bending
mode. The solutionwas to assign opposite signs to G1 and G2, such
that the inboard aileron rolls the aircraft while the outboard control
surface (which is not very effective in roll because of aeroelastic
effects) suppresses � utter. The parameter G3 de� nes the low-pass
� lterbandwidthintroducedto avoidhigh-frequency� utter/spillover.

The preliminary control synthesisde� ned a baseline system with
G1 D 0:06, G2 D ¡0:3, and G3 D 10. These gains are to be used
as design variables in a combined structure-control optimization.
The control synthesisprocess also de� ned optimizationconstraints:
1) gain limits of 0 · G1 · 0:1 and ¡0:5 · G2 · 0 that specify the
limited control authority; 2) G3 ¸ 5; 3) SISO stability margins of
G M > 6 dB and P M > 45deg;and 4) the low-frequencyroll perfor-
mance constraint expressed as G p1 G1 C G p2 G2 < ¡4, where G p1

and G p2 are the dc gains of the plant from the actuators u p1 and
u p2 to the sensor output yp , which are affected of course by the
structural parameters. The control model and the design constraints
were transferred to the ASE module for optimization.

The combined optimization run was based on ASTROS, inte-
grated with the new ASE module. The baseline optimizationmodel
was the stress-designedstructureaugmentedby thepreliminarycon-
trol model. This time, the state vector included 60 structural states,
10 aerodynamicstates,6 actuator states, and 1 control state.Closed-
loop control margin analysis at the design � ight point, and � utter
analysis at velocitiesup to 1.2 times that of the designpoint, showed
that the � utter and control margin requirements are not satis� ed,
which calls for a integrated structural-controloptimization run.

To allow a clear view of the ASE effects on the structural design,
the combined optimization was performed with the ASE design
constraints only, while the stress requirements are assumed to be
satis� ed by assigning the stress-designed gains as minimal struc-
tural gauges. The 26 structural and 3 control design variables were
allowed to change simultaneouslyin a standardASTROS optimiza-
tion process, augmented by the new controller gain variables, the
ASE constraints, and their sensitivities.All of the constraints were
satis� ed by increasing the structural weight by 9.2 lb and chang-

ing the gains to G1 D 0:0054, G2 D ¡0:4686, and G3 D 5. Virtually
all the added weight resulted from increasing the thickness of the
upper and lower skins of Zone 6 (see Fig. 7), in which the inboard
actuator is located. This increased the aeroelastic effectiveness of
the inboard aileron and increased the � utter speed associated with
its dynamic characteristics.From the control system standpoint, the
low-pass � lter bandwidthwas decreased to suppresshigh frequency
spillover further, enabling an increase in the main actuator gain G2.
In addition, lower gain G1 could now be used because of improved
� utter characteristics.

Conclusions
The aeroservoelastic interactivedesign concept presented in this

study facilitates an ef� cient multidisciplinary design optimization
with highly coupled structural and control systems through aeroe-
lastic effects. Being based on common state-space formulation, the
structural and control schemes can exchange models, data, and de-
signcriteriaautomaticallyand ef� ciently.The modularcontrolmod-
eling allows an easy inclusion of any linear control system in the
structuraldesign and the treatmentof selectedcontrolparametersas
design variables. In the other direction, the export of reduced-size
plantmodels facilitatescontrol design that considersbasic aeroelas-
tic characteristics.The incorporationof multivariable stability mar-
gins along with the more traditional SISO stability margins allows
convenientimplementationof theproposedmethodologyin existing
industrial design procedures. Even though the paper discussed and
demonstrated � utter, stability margin, and basic performance anal-
yses only, the synthesis and analysis tools incorporated in the new
aeroservoelastic interactive design concept can be readily applied
for additional design criteria such as gust response, performance
and disturbance rejection requirements, and controller robustness
to plant uncertainties.
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